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Introduction 

The cyclotomic trace map provides a comparison of the algebraic i^T-theory 
spectrmn with a pro-spectrum {TR"}„>i that is built from the cyclic fixed points 
of topological Hochschild homology. In the long paper |5] we used this comparison 
and an approximate evaluation of the structure of the pro-spectrum {TR"}„>i to 
completely determine the p-adic _fC-theory of a mixed characteristic local field K. 
This verified the Lichtenbaum-Quillen conjecture for the field K . In this paper we 
completely determine the structure of the pro-spectrum {TR"}„>i for the algebraic 
closure K of the local field K. This leads us to formulate a conjecture for the 
structure of the pro-spectrum {TR"}„>i for the local field K. 

Let y be a complete discrete valuation ring with quotient field K of character- 
istic and with perfect residue field k of odd characteristic p. In the paper [5j we 
constructed a map 

K{k) K{V) K{K) ^ K{k)[-l] 

T{k) T{V) T(V\K) T{k)[-1] 

from the localization sequence in algebraic ii'-theory to an analogous cofibration 
sequence relating the topological Hochschild spectra T{k) and T(V) and a new 
topological Hochschild spectrum T(V\K). The circle group T acts on the terms of 
the lower sequence, and one defines 

TR"(y|X;p) = TiVlKf""-^ 

to be the fixed points of the subgroup Cp^-i C T of the indicated order. As n > 1 
varies, these spectra form a pro-ring-spectrum whose structure map 

R: TR'\V\K;p) -> TR''-\V\K;p) 

is called the restriction map. We proved in op. cit. that the homotopy groups 

TR^iV\K;p) ^ n,iTR-iV\K;p)) 
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of this pro-ring-spectrum form a Witt complex over the ring V endowed with the 
canonical log-structure given by the canonical inclusion 

a:M = K*nV^V. 

We further showed that there exists an initial Witt complex W„f2^^J^^^ over the 
log-ring (y, M) (denoted by WnOj'^y in op. cit.) and that the canonical map 

is an isomorphism, for q <2. The main result of op. cit. was the evaluation, up to 
pro-isomorphism, of the homotopy groups with Z/p"-cocHicients 

TR^(F|if;p, = 7r,{TR'^{V\K;p),Z/pn 

in the case where the field K contains the p^th roots of unity. Indeed, we showed 
in op. cit., Thm. C, that, as n > 1 varies, the canonical maps 

WniT^y^M) ® ^z/p"(/vO ^ TRg{V\K:p,Z/p") 

that take a generator C, G to the image by the cyclotomic trace maps of the 
associated Bott element e K2{K,Z/p'") form an isomorphism of pro-abelian 
groups. However, if the field K docs not contain the p^th roots of imity, the 
structure of the pro-abelian groups TR^(y|if;p, Z/p") is presently unknown. 
In this paper we consider the colimit spectra 

TR"- {V\K;p) = colimTR"-{Va\Ka;p) 

where, on the right-hand side, Ka ranges over all finite field extension of K that 

are contained in an algebraic closure K of K, and where Va and V are the integral 
closures of V in Ka and K, respectively. The canonical map 

W^nl^^^^^TR-{V\K:p) 

is an isomorphism, for q < 2, but the statement for the higher homotopy groups 
with Z/p"-coefficicnts is not valid for K as isomorphisms of pro-abelian groups are 
generally not preserved under infinite colimits. The purpose of this paper is to 
completely determine the p-adic homotopy groups 

TR''^{V\K;p,Zp) = 7r,(TR"(y|i?;p),Zp). 

We recall that, for any spectrum X, the p-adic homotopy groups are related to the 
integral homotopy groups by a natural short-exact sequence 

^ Ext(Qp/Zp,7rg(X)) ^ 7r,(X,Zp) ^ Bom{Q,/Z„,TTq^i{X)) ^ 0. 

The right-hand term is also written Tp{Trq-i{X)) and called the p-primary Tate 
module of the group 7rg_i(X). It is not difficult to see that W„rij^ is a divisible 
group, for q positive, and hence we obtain a canonical isomorphism 

TRS{V\K;p,Zp) ^ Tp{TR^{V\K;p)) ^ Tp(W„Oj^_^)). 
This, in turn, induces a map of graded TRq (V"|.K';p, Zp)-algebras 

by using the multiplicative structure on the right-hand side. 
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Theorem A. The group TIl.^(V\K;p) is divisible, if q > 0, and uniquely di- 
visible, if q > and even. The p-primary Tate module TpTIii{V\K;p) is a free 
module of rank one over TIiQ{V\K;p,'Zip), and the canonical map 

STR^(v\K;p,zjTpTK1{V\K;p)) -> TR:{V\K;p,Zp) 

is an isomorphism. 

We note the formal analogy with the following result by Suslin [111 112) on 
the algebraic ii'-theory of the field K. The group Kg{K) is divisible, if g > 0, and 
uniquely divisible, if g > and even; the Tate module TpKi{K, Zp) is a free module 
of rank one over Kq{K, Zp), and the canonical map 

SK,iK,zjTpK^{K))-.K,{K,Zp) 

is an isomorphism. 

The ring T'Fi^{V\K;p,Zp) is canonically isomorphic to the ring Wn{V)~ given 
by the p-completion of the ring of (p-typical) Witt vectors in V. We determine the 
structure of this ring following the work of Fontaine IH. To state the result, we 
first let Ry be the ring given by the limit of the diagram 

V/pV ^ V/pV ^ V/pV 

with the Frobenius as structure map. The ring Ry is a perfect Fp-algebra and an 
integrally closed domain whose quotient field is algebraically closed. We show that 
there is a surjective ring homomorphism 

e„w{Ry)^Wniv)' 

whose kernel is a principal ideal with a generator given as follows. We choose a 
sequence e = {e'-"-'}i,>i of compatible primitive p^^^th roots of unity in V C K. 
The sequence e determines, by reduction modulo p, an element of Ry that we also 
denote by e. We let e„ G Ry be the unique p"th root of e, and let [e„] G W{Ry) 
be the Teichmiiller representative. Then ([e] — l)/([e„] — 1) generates the kernel of 
dn- Moreover, the maps 6'„ satisfy that i? o 0„ = 9n-i and F o 9n = dn-i o F- 

We give a similar complete description of the structure of the p-primary Tate 
module TpTR"{V\K]p). The K-theory Bott element = f3f which is defined to 
be the image of e = {e*-''-'}i,>i by the canonical isomorphism 

TpiK*) ^ TpKiiK) 

is a Ko{K,Zp)-module generator. But the TR-theory Bott element Pe,n = Pjn 
which is defined to be the image of /?£ by the cyclotomic trace map 

TpKi{K)^TpTR^iV\K;p) 

is not a generator of the TRq (V"|-ft'; p, Zp)-module on the right-hand side. Instead 
we have the following result. 

Theorem B. Let e — {£*'"^}t,>i be a compatible sequence of p"~^th roots of 
unity inV<zK. Then the following statements hold. 

(i) The Wn{Vy-module TpTRi{V\K;p) has a generator a^^n such that 

(ii) The restriction and Frobenius maps 

R,F: TpTR'iiVlKip) ^ TpTR'l~\V\K;p) 
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take as,n to 6'„(([£„_i] - l)/([e„] - 1)) • a^,n-i and as,n-i, respectively, 
(in) The action of the Galois group Gk — GslI{K / K) is given by 

<„ = • dniiiSn] - !)/([<] - 1)) • ae,n, 

where x Gk ^ Aut(/ipoo) — Z* is the cyclotomic character. 

We remark that parts (ii) and (iii) of Thm.^are easy consequences of part (i) 
and the fact that R{l3e,n) — F{/3e^n) = Pe,n-i- Since in positive degrees the integral 
homotopy groups TIl^{V\K;p) are divisible we obtain a canonical isomorphism 

TR'^{V\K;p,qp/Zp) ^^Rg{V\K;P,^p)®Qp/^P- 

Hence Thms. El a-nd 12] also determine the structure of the G/f -modules on the 
left-hand side. The following conjecture was first formulated in 

Conjecture. For all positive integers q, the canonical map 

TR;,(-l/|if;p,Qp/Zp) ^ TK^{V\k-p,%/Z^f^ 

is an isomorphism of pro-abelian groups and the higher continuous cohomology 
groups of the pro-Gji -module TK'^{V\K;p,Qp/'Z,p) vanish. 

We use Thms. 1X1 and IbI and a theorem of Tate |13) to show that the rational 
cohomology groups i/*o„t(Gi<-, TR^(y|A';p, Qp)) vanish for i > and q > 0. We 
hope that similar methods will make it possible to understand the structure of the 
cohomology groups i?*ont(G'x, TR^(t^|^;p, Qp/Zp)) in question. 

Finally, Thms.|Xland|lldete rmine the structure of the p-adic topological cyclic 
homology groups TCq{V\K;p,Zp). Indeed, we obtain the following new result. 

Theorem C. The cyclotomic trace induces an isomorphism 
for all integers q. 

We remark that the common group in the statement of Thm. lOis canonically 
isomorphic to the Gx-module Zp{q/2), if g is a non-negative even integer, and is 
zero, otherwise. We also note that the vanishing of TGq{V\K;p,Zp), for q odd 
(including q = — 1), is an immediate consequence of the fact that the quotient field 
of the Fp-algebra Ry is algebraically closed. 

The paper is organized as follows. Sect. ^ determines the structure of the ring 
Wn{Vy; Sect. |21 contains the proofs of Thms. IXI and IbI with the exception of the 
existence of the generator a^^n which is proved in Sect. (31 and the final Sect. ^ 
concerns Galois cohomology. 

The results of this paper were reported in expository form in [5]. 

It is a great pleasure to thank the University of Tokyo and Takeshi Saito in 
particular for their hospitality during the writing of parts of this paper. The author 
also expresses his sincere gratitude to an anonymous referee who read an earlier 
version of this paper with extreme care and made numerous helpful suggestions. 

1. Witt vectors 

1.1. In this section we determine the structure of the ring 
WniVy ^TR^iV\K;p,Zp) 
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that is given by the p-completion of the ring of (p-typical) Witt vectors of length 
n in V. This foUows the work of Fontaine H|. We refer the reader to Sect. 1.1] 
for generahties on Witt vectors. 

We say that a ring A is p-complete if the canonical map from A to the p- 
completion A" — limy A/p" A is an isomorphism, or equivalently, if the p-adic topol- 
ogy on A is complete and separated. 

Lemma 1.1.1. Let A he a p- complete and p-torsion free ring. Then W{A) is 
again a p- complete and p-torsion free ring. 

Proof. Since A is p-torsion free then so is Wn{A), and hence, the sequences 

^ A/p^A Wn{A)/p^Wn{A) ^ WnMA)/p-WnMA) ^ 

are exact. It follows, by induction, that Wn{A) is a p-complete ring. Taking limits 
over n, the exact sequences 

^ WniA) ^ W„{A) ^ W„iA)/p-Wn{A) ^ 
give rise to an isomorphism 

W{A)/p-W{A) ^ \im{W,M)/P^W^iA)). 

n 

Taking the limit over v and using that limits commute, we find that the lower 
horizontal map in following diagram is an isomorphism. 

W{A) >limnWn{A) 



W{Ay >limn{Wn{Ay). 

The right-hand vertical map is an isomorphism, since Wn (A) is a p-complete ring, 
and the top horizontal map is an isomorphism for trivial reasons. Hence, the left- 
hand vertical map is an isomorphism as stated. □ 

Lemma 1.1.2. Let A be a ring without p-torsion. Then the canonical maps 
W{Ay W{A'y and W„(A)" — > Wn{A'y are isomorphisms. 

Proof. Since A is p-torsion free, the canonical map A/p"" A AC jp^ AC is an 
isomorphism. Hence, inductively, so are the induced maps 

W,,{A)lp-WM) ^ Wn{A^)/p^W„{A'), 

for all n > 1. Using that Wn{A) and Wn{A') are p-torsion free, we conclude that 

WiA)/p"WiA) ^ WiA^)/p"WiA^). 

Hence, the induced map of limits over v is an isomorphism, and this is the statement 
of the lemma. □ 

Lemma 1.1.3. Let A be ap-complete and p-torsion free ring. Then the canonical 
projection 

limW{A) \imW{A/pA) 

F F 

is an isomorphism, and the inverse is given as follows. Let x = {a;'-"'-*}m>i be an 
element of liTHpW {A/ pA) , and let x'™^ S W^(A) be liftings of the individual x^^^h 
Then the sequence {i^'^(i^'"+'^^)}fc>o converges in thep-adic topology to an element 
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g and the sequence x = {x^"^^}m>i is the element of limp W{A) whose 

image by the canonical projection is x. 

Proof. We first show that the canonical projection is an isomorphism. To 
this end, we consider the six-term exact sequence associated with the following 
short-exact sequence of limit systems. 

^ WipA) W{A) W{A/pA) 0. 

It follows that it suffices to show that lim_p W{pA) and lim_p W{pA) vanish. 
These groups are given by the kernel and cokernel, respectively, of the map 

id-cr: ]J W{pA) JJ W{pA), 

m>l m>l 

where a maps the mth factor to the (m — l)st factor by the Probenius. Since A is 
j3-torsion free, the ghost map defines an isomorphism 

w: W{pA) ^YIp'+^A. 

s>0 

So the map in question is isomorphic to the map 

where the products ranges over s > and m > 1 and where a maps the (s, m)th 
factor to the (s — 1, m — l)st factor by the canonical inclusion p^~^^A — > p^A. Hence, 
id — cr is an isomorphism with inverse 

(id-a)-i = ^a". 

n>0 

The series on the right converges since A is p-complete. 

It remains to show that the inverse of the canonical projection is given as 
stated. We must show that the sequence {F'^(x("'+'^^)}fe>o converges with a unique 
limit, and since the p-adic topology on VK(j4) is complete and separated, it suffices 
to show that the sequence is Cauchy. To this end, we first note that a sequence 
{xs}s>o is in the image of the ideal W(pA) by the ghost map 

w: W{A)-^A^° 

if and only if Xg G p^+^A, for all ,s > 0. Now 

«;«(F'=(x("'+'=)))=«;«+fc(i("+'=)) 

= {xt^'Y^' + pix^r^'Y^"-' +...+ p^+'x'-Jlt'^ 

which shows that 

w,{F''+\x^"'+''+^^)) - w,{F''{x^"'+''^)) g p'+''+^A. 
Hence the sequence {F'^ {x^'^~^''^)}k>o is Cauchy as desired. □ 

Lemma 1.1.4. Let A be ap-complete and p-torsion free ring. Then the canonical 
projection induces an isomorphism 

limW(^) ^limW„(A). 

F F 
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Proof. We consider the exact sequence of limit systems with nth terms 

-> WiA) ^ WiA) ^ WniA) ^ 0. 

The structure maps in the middle and right-hand limit systems are given by the 
Frobenius, and the structure map in the left-hand limit system is given by multi- 
plication by p. The induced six-term exact sequence takes the form 

^ \imW{A) \imW{A) \imWn{A) 

p F F 

RHimWiA) ^ lim W{A) -> lim W„ (A) ^ 0. 

p F F 

The first and fourth terms vanish since the p-adic topology on is separated 

and complete, respectively. The lemma follows. □ 

1.2. Let F be a complete discrete valuation ring with quotient field K and 
perfect residue field k of mixed characteristic (0,p). Let K be an algebraic closure 
of K and let V be the integral closure of V in K. Let 

n 

be the p-completion of V, and let be the quotient field of V'. Then is again 
algebraically closed [T] Chap. 2, Thm. 12]. The valuation on K extends uniquely to 
a valuation on K (resp. K") with value group the additive group of rational numbers 
and V (resp. V~) is the valuation ring. In particular, V (resp. V~) is an integrally 
closed local ring of dimension one. However, V (resp. V) is not a noetherian ring. 
We normalize the valuation on V (resp. V~) such that v{p) = 1. 

Let x,y gV and suppose that — y^. Then v{x — y) > l/(p — 1). Indeed, we 
have X = (y with — 1, and hence, x ~ y = (C — 1)?;. But ^ — 1 is either zero or a 
uniformizer of Qp(/.tp), and thus, v{C — 1) > l/{p — 1). 

We follow |2l Sect. 1.1] and write [a]„ S W^n(^) for the Teichmiiller represen- 
tative oi a E A. We note that the notation a„ was used instead of [a]„ in 8 . 

Lemma 1.2.1. The map 6*; : V -> Wn{V)/pWn{V) given by e'^{x) = [x]p is 
a surjective ring homomorphism whose kernel is the ideal of elements of valua- 
tion greater than or equal to (1 — p~")/(p— 1). Moreover, R{9'„{x)) = 9'„_i{x), 

Fm^)) = e:^_,ixp), and vie:,_,{x)) = e'^ii-pxy-'). 

Proof. We recall from O Lemma 3.1.2] that for every ring A, and for all 
x,y E A, we have 

K + [2/]^ = (Nn + Mnf = ([a; + y]„)^ 

in Wn{A)/pWn{A). Moreover, if p is odd, then in addition 

^(1) = [-P]n 

in Wn{A) / pWn{A) by op. cit., Lemma 3.1.1. It follows that the map O'^^ is a ring 
homomorphism and that 9'^{{—p)P ^) ~ V{1). By easy induction, we find 

which shows that 9'^ is surjective. Moreover, 9'^{x) G V^Wn{V) /pV^WniY) if ^^'^ 
onlyif w(a;) > (l-p-0/(p-l)- ^ 

Corollary 1.2.2. The Frobenius F : Wn{Vy Wn-i(Vy is surjective. 
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Proof. It follows from Lemma Fl .2 . II that the statement holds after reduction 
modulo p. Let Wn,v{V) = Wn{V)/p'"Wn{V). Then an induction argument based 
on the diagram 



0- 



F 



F 



■^Wn,v-l{V) 
F 



-^0 



0- 



-^0 



shows that the statement is true after reduction modulo p" ^ for all w > 1. Since the 
vertical maps in the diagram above are all surjective, the sequence of kernels 



is exact. Hence, the sequence of limit systems 











gives an exact sequence 

^ limif„., ^ limWn.^V) ^ \imWn-i.v{V) -> 0. 
The derived limit lim^ Kn^v vanishes since the structure maps are surjective. □ 
Following Fontaine 0] we define Ry to be the limit of the diagram 
> V/pV ^ V/pV ^ V/pV, 

where (p is the Frobenius. We note that the map of limits induced from the following 
map of towers of multiplicative monoids is an isomorphism. 

> y- > > y- 



v/py y/py — ^ y/pv. 



The horizontal maps are given by raising to the pth power. Indeed, given an 
element x = {a;''^-'}i,>i € Ry we choose liftings x'-"' G of x'^^K Then the sequence 
|('j(m+«)'jp }„j>Q converges in V'' and the limit 

x(^) ^ lim 

rn — ^oo 

is independent of the choice of liftings x'^'"^ of x^'"K We define a valuation of Ry 
by vii{x) = Vy-i^x'^^^). We note that the kernel of the canonical projection 

pri : Ry -> V/pV 

is equal to the ideal of elements of valuation greater than or equal to 1. 

Proposition 1.2.3. There is a natural surjective ring homomorphism 

0„: W{Ry)^Wn{Vr 

whose kernel is a principal ideal. If e — {e'-"-'}i,>i is a compatible sequence of 
primitive p^^^th roots of unity in V considered as an element of Ry, and if £„ 
is the unique p"'th root of e, then ([e] — !)/([£„] — 1) generates the kernel of 9„. 
Moreover, the maps 9n satisfy that i? o 0„ = 9n-i and F o On = 0„-i o F. 



Proof. We consider the ring isomorphism 

V': W{Ry)^\iinWr,{Vy 

F 

defined to be the composite of the foUowing isomorphisms. 

W{Ry) ^ VnnW{V/pV) ^ limVK(V^)' ^ limVK„(^)~. 

F F F 

The first map is an isomorphism since the underlying set of the Witt ring is 
the product of copies of A indexed by the set of non- negative integers; the second 
map is an isomorphism by Lemma |l. 1.31 and the third map is an isomorphism by 
Lemma 11.1.41 The map of the statement is then induced from the composite 

W{Ry) W{Ry) ^ limWniVy ^ WniVy. 

F 

We first show that 9n{£,n) = 0. The map F"^^ takes [e,,,,] to [em-(n-i)]; and the 
canonical isomorphism 

W{Ry) = W{limV/pV) ^ liinW{V/pV) 

<p F 

takes [sk] to the sequence {[efc^^]}D>i- To find the image of this sequence by the 
inverse of the canonical isomorphism 

\imW{V/pV) <^ \imW{Vy, 

F F 

we use the formula given by Lemma Fl. 1.31 but with a particular choice of liftings x^"'' 
to W{Vy of the elements [e'j^^] of W{V/pV). Let ik = {4"^}">i be a sequence of 
elements in V such that e^,"'' is a primitive p'^+''~^th root of unity, for k + v — 1 non- 
negative, and such that {s^l'^^^'y — £[."\ for all v > 1. Then we choose i^""* = [e^""*]. 
Since these elements are already compatible under the Frobenius map, we find that 
also x^"^ = [e^"^]. Hence, the image of the sequence {[efe'''']}i)>i by the inverse of 
the isomorphism above, is the sequence {[ej;''^]}t>>i- But this sequence is mapped 
to 1 by the composite 

limW{Vy ^ lim W„(^)^ ^ Wn{Vy 

F F 

if and only if fc < — (n — 1). In particular, 9n{^n) is zero as stated. 

It remains to show that ^„ generates the kernel of 6„- We show inductively 
that for all Tj > 1, the induced map 

is an isomorphism. Here ^n,v = ([e]u — ^)/{[^n]v — 1) is the image by the canon- 
ical projection of ^„ in Wv{Ry). In the basic case w = 1, we have the following 
commutative diagram. 

Ry Rv/iUl) Wn{V)/pWn{V) 

Rv > V/pV ) WniV)/pWn{V). 

By Lemma ll.2.11 the kernel of the composition of the maps in the lower row is equal 
to the ideal of elements of valuation greater than or equal to (1 — — 1). The 
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element ^n,i, which generates the kernel of the composition of the maps in the top 
two, has valuation 

1 1 1 - p-" 

vniU,i) - vnis - 1) - vnisn - I) = "T^^ - = 

Since Lp~^ is an isomorphism and vj^{ip^^{x)) = p^^vr(x), it follows that 6n.i is an 
isomorphism as desired. 

Finally, to prove the induction step it suffices to show that the top row in the 
following diagram is exact. 

> W,{Ry)/{in.,) — ^ W„_i(i?v-)/(e„,„-i) > 



> W^{V)lv — > W^C^j/p" > Vt^„(F)/p"-i ^ 

But the sequence 

> Ry W^{Ry) — ^ W^-l{Ry) > 

is exact, since Ry is a perfect Fp-algebra, and the element ^„_i £ Ry is a non-zero- 
divisor. It follows, inductively, that G Wn{Ry) is a non-zero-divisor and that 
the sequence in question is exact. □ 

Addendum 1.2 A. There is a ring isomorphism 

tp: W{Ry) ^ VnnWn{Vy 

given &?/ i/'(a) {e'„(F-("-i)(a))}„>i. Moreover, Ro^ = ^ o F''^. 

Proof. We showed at the beginning of the proof of Prop. [TTT^ that the map 
Tp is an isomorphism. The statement that R o ip = ip o follows easily from the 
formula R o On ^ On-i- □ 

1.3. We conclude this section with some miscellaneous results about the Witt 
rings W{Ry) and W„(y)~. The following result is 4, 1.3.1]. 

Proposition 1.3.1. The ring Ry is a perfect ¥p-algebra and an integrally 
closed domain whose quotient field is algebraically closed and complete with respect 
to the valuation vr with valuation ring Ry. □ 

Addendum 1.3.2. The ring W{Ry) is an integral domain. 

Proof. It suffices, by Prop. 11.3.11 to show that if A is an Fp-algebra and an 
integral domain, then is an integral domain. Suppose, conversely, that VK(yl) 

is not an integral domain. We show that we can find a zero-divisor x € W{A) such 
that X + VW{A) is a zero-divisor in A = W{A)/VW{A). Let x,y £ W{A) be 
non-zero and suppose xy = 0. We write x — V'^{x') and y — V*{y') with s and t as 
large as possible. Assuming that s >t, 

xy = V^ix')V'{y') = V^ix' F^V\y')) ^ p'V^ix' F^-'iy')). 

We claim that M^(yl) has no p-torsion. Granting this, we see that x' + VW{A) is 
a zero-divisor in A = W{A)/VW{A). It remains to prove the claim. Since A is an 
Fp-algebra, we have p = V{1), and hence, for a £ W{A), pa = V{l)a = V{F{a)). 
We must show that F: W{A) W{A) is a monomorphism. Again since A is 
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an Fp-algebra, F is induced from the Frobenius (p: A ^ A. But tp: A ^ A is a. 
monomorphism since ^ is a domain. 



□ 



Corollary 1.3.3. Let e = {e^''^}«>i be a compatible sequence of primitive 

p'"^^th roots of unity considered as an element of Ry, and let Sn be the unique p"th 
root of e. Ttien for every non-negative integer q, the following sequence is exact. 

^ W{F,) iifll^ WiRy) ^"^^^^^^""^ W{Ry) ^ 0. 

Proof. Let a = - l)/([£2]n - !)• Then the zeroth Witt coordinate is 

ao = a(0) = (ei — l)/(£2 — !)• We show by induction on n > 1 that the sequences 

> W„(Fp) bhlL^ WniRv) '""^"^'^ Wn{Rv) > 

are exact. The basic case n = 1 and the induction step are similar. Indeed, it 
will suffice to show that for all n > 1, the top horizontal sequence in the following 
diagram is exact. 











-^Rf, 







yn-l 

>Wn{¥p)- 

R 

^W„_i(Fp)- 



ei „-i-l 



W„(%) - 

R 

>VF„_i(%) 



yn-l 

-^WniRy) ^0 

R 



l-aWn-lif'^) 



^Wn-l{Rv) ^0 



We mention that the upper right-hand square commutes since 

aV"-'^{x) = y"-i(i^"-i(a).T) = V"-^{afx) 

and similar for the upper left-hand square. To prove that the top horizontal se- 
quence in the diagram above is exact we compose the right hand map in the sequence 

with the isomorphism ip: Ry Ry. The composite map takes a; to 2;^* — Oq x. 
Since Ry is an integrally closed domain whose quotient field is algebraically closed, 



the exactness follows. 



□ 



Lemma 1.3.4. Thep"^th roots of unity in the ring WniVy are thep™ elements 
of the form where ( is a p^th root of unity in the ring V~. 

Proof. The number of p^th roots of unity in the ring V" is equal to p™. 
Hence it suffices to show that every p™th root of unity in WniV)" is of the form 
[Q]n where ^ is a p^th root of unity in V". Now an element a G W„(V')' is a p™th 
root of unity if an only if the image of a by the ghost map 
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{vr 



is a p™th root of unity. Indeed, the ghost map is an injective ring honiomorphism 
since the ring V" has no p-torsion. This, in turn, is equivalent to the statement 
that for aU < i < n, the ghost coordinates 

■Wi = + pal + ■ ■ ■ + p'^~^a^^_^ + p^Gi 

are p'^th roots of unity in V'. We show by induction on < i < n that qq is a 
p™th root of unity in V and that oi, . . . , are equal to zero. The statement for 
i = is trivial since oq = wq. So we assume that oq is a p^th root of unity and 
that ai = ■ ■ ■ = Qi-i = and must show that also a.; = 0. The defining equation 
for the «th ghost coordinate yields the equation 

Wi - = p'ai. 

Since Wi and ag are both p™th roots of unity, the left-hand side is either zero or an 
element of valuation at most l/{p— 1). Similarly, the right-hand side is either zero 
or an element of valuation at least i. It follows that Oi = as desired. □ 

Remark 1.3.5. In the proof of Lemma [1.3.41 we have used that p is an odd 
prime. If p = 2, the 2™th roots of unity in Wn{Vy are instead the elements of the 
form ±[C]r!, where C is a 2'"th root of unity in V~ . Hence, the number of 2'"th roots 
of unity in W„(V')^ is equal to 2", if n = 1, and 2™+i, if n > 1. 

2. The algebraically closed case 

2.1. In this section we determine the structure of the groups 

TR^(F|i?; p, Zp) = ^,{T{V\Kf^-- , Z^) 

and prove Thms . fXl and IBl of the introduction. We first extend some of the results 
from |5] to the algebraically closed case. 

The p-completion and p-cocompletion of a spectrum X are defined by 

X^ = F(M(Qp/Zp,-l),X) 
X' ^ M{%/Zp,-l) AX 

respectively Here M(Qp/Zj,,— 1) is a Moore spectrum for the group Q^p/'Lp 
concentrated in degree —1. We write 7rg(X, Zp) and 7rq(X, Qp/Zp) for the gth ho- 
motopy group of X~ and X , respectively. There are natural short-exact sequences 
Ext((Q)p/Zp, -KsX) t:s{X, Zp) Hom((Qp/Zp, -Ks-iX) 
^ TTs+iX ® Qp/Zp ^ t:s{X, Qp/Zp) ^ Tor(7r,X, Qp/Zp) ^ 

which relate the integral homotopy groups and the homotopy groups with Zp- 
coefRcients and with Qp/Zp-coefficients. A map of spectra induces a weak equiv- 
alence after p-completion if and only if it induces an isomorphism of homotopy 
groups with Z/p-coefficients. 

Let T be the circle group and let Cr be the subgroup of order r. We begin with 
the following lemma from equivariant homotopy theory. We refer to jSi Sect. 4] for 
the definition and properties of the Tate spectrum. 

Lemma 2.1.1. Let X he a T-spectrum and suppose the iTtX vanishes for t ^ 0. 
Then the canonical map of Tate spectra 

m{T,X) holim]HI(Cp-^,X) 

n 

becomes a weak equivalence after p-completion. 
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Proof. We show first that the map 

{F{E+, Xfy ^ ho\im{F{E+, X'f»''y 

n 

is a weak equivalence. This can be rewritten as 

F{{E+)\ Xf ^^((hocolimT/Cp»+ A E+y,Xf 

n 

with the map induced from tlic canonical map 

(hocolimT/Cp-+ hE+) ^{E+). 

n 

This is a weak equivalence of pointed T-spaccs if and only if the map 

(hocolimT/Cp«+)'' ^ (5°)" 

n 

is a weak equivalence of pointed spaces. The latter is easily verified by calculating 
homotopy groups. 

We next show by induction that for s > 0, the canonical map 

{{E, A F{E+, X)fy ^ (holim(^, A F{E+, X)f''-y 

n 

is a weak equivalence. The basic case s = was proved above. To prove the 
induction step we consider the cofibration sequence 

Eg_i ^ Eg ^ YP'^T^ — > TiEg_i. 

It shows that it suffices to show that the map 

((e2"T+ a F{E+,Xy'^y (holim(E2-'T+ A F(£'+, X))^"" )' 

n 

is a weak equivalence. Since the inclusion X — *■ F[Ej^,X) is a non-equivariant 
equivalence, we may instead show that the map 

{{Y?'T+ A Xfy (holim(S2«T+ A Xf^^y 

n 

is a weak equivalence. We now use the weak equivalence of T-spectra 

SF(T+,X) ^T+AX 

to rewrite the latter map as 

{T,'^'+'^F{i:+,X)'^y (holim(S2«+lF(T+,X)<^''")^ 

n 

As in the basic case s = 0, we can rewrite this map as the map 

T,^'+'^F{(T+y,Xf ^ S2«+iF((hocolimT/an+ AT+)",X)'^ 

n 

induced from the canonical map 

(hocolimT/Cpn+ A T+y (T+)'. 

n 

We see that this is a weak equivalence of pointed T-spaces by calculating homotopy 
groups as before. 

Finally, we consider the diagram 

{{Eg A holim„((^, A F{E+,X)f^-y 



{{E A F{E+,X)fy > holim„((^ A F{E+,X)fp-) 
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where the lower horizontal map is the p-completion of the map of the statement. 
The top horizontal map is an equivalence by what was shown above. Moreover, it 
follows from the proof of the induction step above that the map of ith homotopy 
groups induced by each of vertical maps become isomorphisms for s sufficiently 
large. This uses that ttiX vanishes for t ^ 0. This completes the proof. □ 

Let G be a finite group, and let T be a G-spectrum. There is a natural whole 
plane spectral sequence called the Tate spectral sequence 

(2.1.2) El,{G,T) = H-%G,7rtiT)) ^,+^(H(G,r)) 

that converges conditionally in the sense of [2:; Def. 5.10] to the homotopy groups of 
the Tate spectrum and whose i?^-term is given by the Tate cohoniology of G with 
coefficients in the homotopy groups of T considered as G-modules. The spectral 
sequence was first constructed in this generality in 5 , but see also 8, Sect. 4]. 

Lemma 2.1.3. Let G be a finite group and let {Tq,} be a filtrered colimit system 
of G- spectra. Suppose that for all i "L, there exists constants r and c {indepen- 
dent of a) such that E]l ^_^(G,Ta) — E^j^_^{G,Ta), for all s G Z, and such that 
Eg ^_g{G,Ta) vanishes if s < c. Then the canonical map 

hocolimIl(G,Ta) H(G, hocolimTa) 

a a 

is a weak equivalence of spectra. 

Proof. Let FiisM.{G,Ta), where s ranges over the integers, be the filtration 
of ]HI(G, Tq) from j8j( Sect. 4] which gives rise to the Tate spectral sequence (|2.1.2|l . 
It induces a filtration of hocolimc IHI(G, r^,), and the canonical map 

hocolimIHI(G,Ta) ]ei(G, hocoliniTa) 

a a 

is filtration preserving. The filtration of the right-hand term gives rise to the 
spectral sequence E*{G, hocolima Ta). The filtration of the left-hand term gives rise 
to the colimit of the spectral sequences E*{G, Ta). Since Tate cohomology preserves 
filtered colimits, the map of spectral sequences induced by the map of the statement 
is an isomorphism. Hence we are done once we prove that both spectral sequences 
converge strongly. This is the case for each of the sequences E*{G,Ta). Indeed, 
this follows from |2| Thm. 8.2] since the sequences are conditionally convergent 
and collapse at the £'''-term. Since this is true for all a, the spectral sequence 
i?*(G, hocolim^ Tq) also converges strongly. We must show that the sequence 

colim£;*(G,r„) =^ 7r,hocolimIH(G,TQ) 

a a 

converges strongly. It suffices by loc. cit. to show that the spectral sequence con- 
verges conditionally which, by definition, means that 

limcolimTTi Fil^ ]H(G, T^) = limcoliniTTi+i Fil^ H(G, T^) = 0. 

s Q s a 

But the assumptions imply that tt^ Filg ]HI(G, Tq) vanishes for s < c and for all a. 
The lemma follows. □ 

We can now prove the following generalization of O Addendum 5.4.4]. 
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Proposition 2.1.4. Let k be a perfect field of odd characteristic p, and let 
Kq be the quotient field of the ring of Witt vectors W{k). Let K be an algebraic 
extension of Kq and let V be the integral closure of W{k) in K . Then for all 
n,v >1 and all q > 0, the map 

f: TT,{TR'\V\K;p),Z/p^) ^ 7r,(H(Cp. , T(y|X)), Z/p^') 

is an isomorphism. 

Proof. The statement was proved for finite field extensions in loc. cit. We 
write K — coliniQ Ka as tire filtered colimit of all finite subextensions of Kq con- 
tained in K. Let Va be the integral closure of W{k) in Ka- The colimit of the Va 
maps isomorphically onto V, and hence, the induced map of T-spectra 

hocolimT(Va|i^a) T{V\K) 

a 

induces an isomorphism on homotopy groups. We claim that also the induced map 
of Cpii-i -fixed point spectra 

hocolimTR"(y„|if„;p) ^ TR"(y|X;p) 

a 

induces an isomorphism of homotopy groups. To prove the claim, we recall that 
by [3 Thm. 2.2], there is a cofibration sequence of spectra 

m.{Cp.-i,T{V\K)) ^ TR"(y|if;p) ^ TR"-i(y|if;p) 

that we call the fundamental cofibration sequence. The left-hand term is the Borel 
spectrum whose homotopy groups are the abutment of a natural strongly convergent 
first-quadrant spectral sequence 

El.iCpr.-! , T{V\K)) = H,{Cpr.-i , TTt{T{V\K))) ^ 7r,+t(H. , T{V\K))). 

It follows that the induced map 

hocolimIl.(Cp-.,T(y„|i^„)) ^ H.(C„™,hocolimT(V„|ifa)) 

a a 

induces an isomorphism of homotopy groups. The claim then follows by easy in- 
duction over n> 1. 

Finally, we use Lemma 12.1.31 to show that the canonical map 

hocolimH(Cp-.,T(Va|X„)) ^ ]ei(Cp- , hocolimT(y„|X„)) 

a a 

induces an isomorphism of homotopy groups with Z/p^-coefficients. It suffices by 
an easy induction argument to consider the case v = I. Since the Moore spectrum 
Mp for Z/p is a finite spectrum, the canonical map 

Mp A H(Cp,., T(y„|X„)) ^ miCp. , Mp A T(K.|X„)) 

is a weak equivalence. Hence, it suffices to verify the hypotheses of Lemma 12.1.31 
for the colimit system of Cpn -spectra {Ta}, where Ta = Mp /\T{Va\Ka)- It suffices 
as in the proof of [H Thm. 5.4.3] to consider the case where Ka contains the pth 
roots of unity. The differential structure of the spectral sequences 

El,{Cp.,Ta) = H-'{Cp.,7Tt{Ta)) ^ 7r3+t(H(Cp,.,T„)) 

was determined completely in op. cit., Thm. 5.5.1. In particular, it was shown there 
that for all a and for aU r > 2(p"+i - l)/{p - 1), 

E''{Cp^^,Ta) — E°°{Cp^ jTa). 
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This verifies the first of the two hypotheses of Lemma [2. 1.31 The structure of the 
bi-graded abelian group E°°(Cpn ,Ta) was determined in op. cit., Lemma 5.5.3. It 
follows, in particular, that for all a and for all t > 2(p"+^ — l)/{p — 1) — 1, 

i?-(Cp.,r„) = o. 

This verfies the second hypothesis of Lemma \'2 . 1 .31 and hence the proposition. □ 

2.2. It follows from O Thm. 3.3.8] that TRg{V\K; p) is zero, if q is negative, 
and that the canonical map of Witt complexes 

is an isomorphism in degrees q < 2. Indeed, both sides preserve filtered col- 
imits. The following result concerns the structure of the de Rham-Witt groups 
on the left-hand side. The definition of the W„(l^)-module hWn^l^y j^^^ is given 
in op. cit., Sect. 3.2. 

Proposition 2.2.1. The group Wn^l^y is divisible, for all q > 1, and 
uniquely divisible, for all q > 2. Moreover, for all q > 0, the sequence is exact: 

Proof. We first show that the sequence of the statement is exact. It suffices 
by ISl Prop. 3.2.6] to show that the left-hand map is injective. For q < 1, this follows 
from the proof of op. cit., Thm. 3.3.8. For q > 2, we claim that the canonical map 

is an isomorphism and that the common group is uniquely divisible. The injectivity 
of the map N follows since the composite 

is given by multiplication by p"^^. To prove the claim, it suffices to show that 
the group fJ^^^ ^-^^ is divisible, for g > 1, and uniquely divisible, for q>2. Indeed, 
this follows immediately from op. cit., Lemma 3.2.5. We write K — colimo, i^ct 
as the filtered colimit of all finite sub-extension of K contained in K. Then 
V — colimQ, Va , where Va is the integral closure of V in Ka , and the canonical map 

is an isomorphism. It follows from op. cit.. Lemmas 2.2.3 and 2.2.4 that the common 
group is divisible, for q > 1, and uniquely divisible, for g > 2, as desired. This 
completes the proof that the sequence of the statement is exact. 

Since the group hWn^'^^y is uniquely divisible, for g > 2, an easy induc- 
tion argument based on the exact sequence of the statement shows that the group 
W„f2^^ is uniquely divisible, for g > 2, as stated. We will prove in Prop. 
below that the group WVii^Jy ^t/) is divisible. □ 

We next consider the integral homotopy groups 

i:ilq{V\k)=TR\{V\k;p) 
of the topological Hochschild spectrum T{V\K). 
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Lemma 2.2.2. The group T}lq{V\K) is divisible, for all q > 0, and uniquely 
divisible, for q > even. Moreover, for all integers q, the canonical map 



^(y,M)^TH,(y|if) 



is a rational isomorophism. 



Proof. We write V = colinic Va as the filtered colimit of tlic integral closure 
of V in the finite sub-extensions Ka of K contained in K. Then the canonical map 

coliniTH,(K.|/^„) ^ TUgiV\K) 

a 

is an isomorphism. We recall from 8, Rem. 2.4.2] that for q positive and even, the 
groups T}iq{Va\Ka) are uniquely divisible, and from op. cit., Prop. 2.3.4, that for 
all integers q, the canonical map 

is a rational isomorphism. Hence the same holds for the groups THg(V'|^). It 
remains to show that for q positive and odd, the group THg(V"|A') is divisible. To 
this end, we consider the homotopy groups with Z/p-coefficicnts 

TRg{V\k,Z/p) = TTg{T{V\K),Z/p). 

It follows from op. cit., Thm. B and from the isomorphism at the beginning of the 
proof, that there is a canonical isomorphism of log-differential graded rings 

%,M) ®z ^z/p{4 ^ TR,{V\K,Z/p). 

But, as we saw in the proof of Prop. 1^2.11 above, fl^y j^j^ is a divisible group, and 
hence this isomorphism becomes 

Sy/pvil^} ^™*{V\K,^/p). 

In particular, the homotopy groups with Z/p-coefficicnts are concentrated in even 
degrees. It follows that for q odd, the middle group in the short-exact sequence 

0-^TR,{V\K)/p^TR,iV\K,Z/p) ^TR,^iiV\K)[p]^0 

vanishes, and therefore, T}iq{V\K) is divisible as stated. Here A[p] denotes the 
subgroup of elements of order p in the abelian group A. □ 

Proposition 2.2.3. The group TR^^{V\K;p) is divisible, if q > I, uniquely 
divisible, if q > 2 is even, and for all integers q, the canonical map 

WMly^j^j^^TR''g{V\K;p) 

is a rational isomorphism. Moreover, the restriction map 

R: TR^(F|i?;p) ^ TR'^~\V\K;p) 

is surjective, for all integers q and all n > 2. 

Proof. We again use the fundamental cofibration sequence 

m.{Cp.-i,T{V\K)) ^ TR"(F|i^;p) ^ TR"~\V\K;p) 

which we used above in the proof of Prop. [^^31 We shall here follow the notation 
from [51 Sect. 3.3] and write 

hTR^{V\K;p) = 7Tg{M.{Cp,.-i,T{V\K))). 
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The long-exact sequence 



and the spectral sequence 

= H,{Cp.-i,F:-'TRt{V\K)) ^ „TR:+,(F|i^;p) 

are both sequences of VF„(F)-modules. We recall from op. cit., Lemma 3.3.3 that, 
in addition, there is a canonical map of py„(T^)-modules 

hW^nl^^^j^^ hTR'^iV \K;p) 

which explains the choice of notation. 

We first show that the edge-homomorphism of the spectral sequence above 

is an isomorphism, if q > and even, and an injection whose cokernel is a p- 
torsion group of bounded exponent, if g > and odd. Since the Cpn-i-action on 
r(V'l^) extends to an action by the full circle group T, the induced Cpn-i-action 
on homotopy groups is trivial. Hence, Lemma [2.2. 21 shows that E'^ ^ is zero, if s > 
and s + t is even, and a p-torsion group of bounded exponent, if s > and s + t is 
odd. For degree reasons, the only possible non-zero differentials are 

with r > 2 and q even. But this is a map from a p-torsion group to a uniquely 
divisible group and therefore is zero. Hence, all differentials in the spectral sequence 
are zero, and the edge-homomorphism is as stated. It follows that hT^^q{V\K;p) 
is a uniquely divisible group, if q > is even, and the sum of a uniquely divisible 
group and a torsion group, if q > is odd. 

We next show that for all q, the canonical map 

is a rational isomorphism. To this end, we consider the following diagram. 



Fr' Tii,iV\K) > hTR^; {V\K;p). 

The lower horizontal map is the edge homomorphism of the spectral sequence and 
the remaining maps are the canonical ones. The top horizontal map is a rational 
isomorphism by the proof of Prop. imi and the left-hand vertical map is a rational 
isomorphism by Lemma |2.2.2I Finally, we proved above that the lower horizontal 
map is a rational isomorphism. 

We proceed to show that the restriction map is surjective, or equivalently, 
that the long-exact sequence of homotopy groups associated with the fundamental 
cofibration sequence breaks into short-exact sequences 

^ ,TR^(F|i^;p) ^ TR^(F|i^;p) ^ TR'^-\V\K;p) ^ 0. 

It suffices to prove that this sequence is exact for q even. Indeed, this implies that 
the boundary map in the long-exact sequence is zero, for all q. The sequence above 
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is short-exact for q — hy ^ Thm. F]. So we assume that q > 2 and even and 
consider the foUowing diagram. 

, ^W^^lvM) W^^lv.M) ^ W^"-i"(v-,Af) > 



> „TR^(y|X;p) ^ TR^(l/|if;p) ^ TK;-\V\K;p) y 0. 

The top sequence is exact by Prop. 12.2.11 and we proved above that the left-hand 
vertical map is an isomorphism. Moreover, the lower left-hand map is injective. 
Indeed, the composite 

which is given by multiplication by p"~^, is an isomorphism, and we proved above 
that the left-hand map is an isomorphism. It follows, by induction on n > 1, that 
the lower sequence is exact and that the middle vertical map is an isomorphism as 
desired. 

It remains to prove that TR^'(V"|A';p) is divisible, if g > and odd. As in the 
proof of Lemma 12.2.21 we show that if q > and odd, the middle group in the 
following short-exact sequence vanishes. 

TR^"(F|K;p)/p ^ TK''^{V\K;p,Z/p) ^ TR'^ _^{V\K;p)[p] ^ 0. 

To prove this, we recall from Prop. that for q >0, the map 

f: TR'^{V\K;p,Z/p) ^ 7r,{m{Cp^ ,T{V\K)),Z/p) 

is an isomorphism. We use the Tate spectral sequence 

^^^iCCp.) = i?-^(Cp.,THt(F|i?,Z/p)) ^,+t(H(Cp.,TH(F|ir)),Z/p) 

to evaluate the right-hand side. As in the proof of Lemma [2. 2. 21 we find that 

E^iCpr.) = Ay/py{Un} ®V/pV Sv/pv{t^\ «} 

with the generators u„, t, and k in bidegrees (—1, 0), (—2, 0) and (0, 2), respectively. 
We recall from [S] Sect. 4.4] that there is a map to this spectral sequence from the 
spectral sequence 

E\T) = Sy/py{t^\n} 7r,{m{T,T{V\K)),Z/p) 

which on the i?^-terms is given by the obvious inclusion. For degree reasons, all 
differentials in the latter spectral sequence are zero. It follows that all possible 
non-zero differentials in the former spectral sequence are multiplicatively generated 
from a non-zero differential on the class m„. Since T{V\K) is a r(W^(fc)|_ft'o)-module 
spectrum, [HI Prop. 5.5.4] shows that 

where /i„ € Z/p is a unit. We conclude that 

which is concentrated in even degrees as desired. □ 
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2.3. We consider the homotopy groups with Zp-coef5cients of TR"(V"|^;p). 
We recall that for any spectrum X , the p-adic homotopy groups are related to the 
integral homotopy groups by a natural short-exact sequence 

-> Ext(Qp/Zp,^,(X)) ^ 7rg(X,Zp) ^ Hom(Qp/Zp, (X)) ^ 0. 

The right-hand term is also written Tp{'Kq-i{X)) and called the p-primary Tate 
module of the group ■Kq_i[X). In the case at hand, the left-hand term (resp. the 
right-hand term) vanishes for g > (resp. for q> {) and odd) since T'R!^{V\K\p) is 
divisible (resp. torsion- free). In particular, we obtain a canonical isomorphism 

TR^(y|i?;p,Zp) ^ TpTR'i{V\K;p) ^ TpWr,n\y ,^j) 
which, in turn, gives rise to a map of graded VF„(V")"- algebras 
V„(yr(7;W^nf^(y,M)) ^ TR:(F|i?;p,Zp). 
We first consider this map for n = 1. 

Lemma 2.3.1. The p-primary Tate module Tpil^y ^^-^ is a free V'-module of rank 
one and the canonical map 

Sy-{Tj,nly,^j^)^TR,{V\K,Zp) 

is an isomorphism. 

Proof. We have a canonical isomorphism 

of the p-primary Tate module and the limit over m > 1 of the p™-torsion subgroups. 
Let eV,m>l, with w^^) = -p and (^("+1))^ = Then 

Indeed, the case m — 1 follows from 8, Cor. 2.2.5], and the general case is proved 
by induction using the following diagram. 

> v/pv — > vIp^v y > 



d log V 



> W > ^^Jv-,M)[P'"] ^ ^^(v-,Af)b""'] > 

The lower horizontal sequence is canonically identified with the coefficients sequence 

^ TH2(y|i?,Z/p) ^ Tll2iV\K,Z/p'^) ^ TH2(y|i?,Z/p™-i) ^ 

which is exact since TIIq(1/|_^, Z/p") is zero for q odd. It follows that the p-primary 
Tate module Tpil^^y ^-^^ is a free t^'-module of rank one and that k = {(ilogu*^™''}m>i 
is a generator. It remains to show that the composite map 

A Tll{V\Ky T}i{V\Ky A T}i{V\Ky ^ T}i{V\Ky 

induces an isomorphism of homotopy groups in degrees q > 2. Since this is a map 
between p-complete spectra, it suffices to show that the induced map of homotopy 
groups with Z/p-coefficients is an isomorphism in degrees q > 2. But this follows 
from (g Thm. B]. □ 
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The following result together with Prop. 12.2.31 above completes the proof of 
Thm. ^of the induction. 

Proposition 2.3.2. The p-primary Tate module TpWn^^^y j^-j is a free module 
of rank one over Wn{Vy and the canonical map 

(TpW^nly ,^^^) TR:{V\K;p,Zp) 

is an isomorphism. 

Proof. We know from Prop. that the map 

f: TR''{V\K;p) ^m{Cp,.,T}l{V\K)) 

induces an isomorphism of homotopy groups with Zp-coefhcients in non-negative 
degrees. It follows from Lemma [2.3. II that the Tate spectral sequence 

= H-%Cp,.,TRt{V\K,Zp)) => 7r,+i(H(Cp.,TH(T/|ir)),Zp) 

takes the form E'^ — Sy/prtylt^^ , k} with t and k in bi-degrees (—2,0) and (0,2), 
respectively. Since all non-zero elements are located in even total degree, all differ- 
entials are zero and the groups TK^^ (V\K;p,Zp) are concentrated in even degrees. 
Moreover, the spectral sequence is multiplicative, and multiplication by t~^ induces 
an isomorphism of onto i?^2 t- Let Q!„ £ TRj (t^|-R";p, Zp) be a homotopy class 
such that r(a„) is represented in the spectral sequence by the element t^^. Then 
multiplication by an induces an isomorphism 

TR^(y|i^;p,Zp) ^ TR';^^{V\K;p,Zp) 

for all positive integers q. This proves the proposition. □ 

Addendum 2.3.3. The Frobenius 

F: TK^{V\K;p,Zp)^TR'^-\V\K;p,Zp) 

is surjective. 

Proof. For q — 0, the statement is that F: WniV)" W„_i(V')" is surjective 
which we proved in Cor. I1.2.'21 Hence it suffices by Prop. 123?^ to show that 

F: TR^{V\K;p,Zp)^TRr\V\K;p,Zp) 

takes a W„(y)"-module generator to a l/l^„_i(V")"-module generator. By Prop. l?T~H 
we may instead show that the map 

F: 7r2mCp^,T{V\K)),Zp) ^ 7r2mCp^-^,T{V\K)),Zp) 

takes a VF„(y)~-module generator to a VF„_i(V')"-module generator. It follows from 
the construction of the Tate spectral sequence that the latter map induces a map 
of Tate spectral sequences that on i?^-terms is given by the map 

^V/p"v{t^^ : f^} ~^ Sy/pn-lylt^^ , k} 

that takes generators t and k on the left-hand side to the generators t and k on the 
right-hand side and that maps V/p^''V to V/p"'^^V by the canonical projection; 
see ISl Sect. 4]. The element t~^ on the left-hand side represents a VF„(t^)"-module 
generator of TT2{W.{Cpn ,T{V\K)),Zp) and the element t~^ on the right-hand side 
represents a W„_i(F)"-module generator of 7r2(IHI(Cp,i-i , T(V'|^)), Zp). This com- 
pletes the proof. □ 
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We conclude this paragraph with a brief discussion of the homotopy groups 
with Qp/Zp-coefficients of the spectrum TR'^{V\K;p). 

Lemma 2.3.4. Let A be a divisible abelian group and letTp{A) be the p-primary 
Tate module of A. Then there is a canonical isomorphism 

Tor(A,Qp/Zp) ^ Tp{A) Qp/Zp. 
Proof. Since A is a divisible abelian group, the short-exact sequence 

^ Z ^ Z[i] ^ Qp/Zp ^ 

induces a short-exact 

^ Hom(Qp/Zp, A) Hom(Z[i], y4) ^ Hom(Z, A) 
that is usually written 

^ TpiA) ^ Vp{A) ^.4^0. 

This sequence, in turn, gives rise to a six-term exact sequence 

^ Tor(Tp(^), Qp/Zp) ^ Toi{Vp{A), Qp/Zp) ^ Tor(^, Qp/Zp) 

^ Tp{A) Qp/Zp ^ Vp{A) ® Qp/Zp ^ A (8 Qp/Zp ^ 0. 

To prove the statement of the lemma, it suffices to prove that the second and fifth 
terms of this sequence vanish. But this follows immediately from the exact sequence 
at the beginning of the proof considered as a flat resolution of Qp/Zp and from the 
fact that Vp{A) is a Z[i]-module. □ 

Corollary 2.3.5. For all integers q and all positive integers n, there is a 
canonical isomorphism of abelian groups 

TR^CP|X;p,Qp/Zp) ^TR^(y|X;p,Zp)® Qp/Zp. 

Proof. This follows immediately from Thm. ^ Lemma [2.3.41 and from the 
definition of homotopy groups with Qp/Zp-cocfficients which we recalled at the 
beginning of Sect. 121 above. □ 

2.4. Let £ = {£''"'}i,>i be a sequence of primitive p^^^th roots of unity in K 
that are compatible in the sense that )p ~ e^^' . The sequence e is a generator 

of the p-primary Tate module Tp{K*), and the image by the canonical isomorphism 

TpiK*) ^ TpK,{K) 

is the associated if-theory Bott element /3e = . 

Lemma 2.4.1. The image of the K-theory Bott element (3^ by the map 

TpKi{K)^TpTWl{V\K-p) 

induced by the cyclotomic trace is the element j3e,n — /J™ — {d^cign^''^^'\v>i- 

Proof. We recaU from 8, Sect. 2.3] that the map 

dlog„: M ^Vr\K* ^i:K'l{V\K-p) 

is defined to be the composite of the canonical inclusion a : M ^ K* , the canonical 
isomorphism K* Ki(K), and the cyclotomic trace Ki(K) TR"{V\K;p). The 
stated formula is now clear. □ 
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The TR-theory Bott element 

Pe.n = /3™ e TpTR^{V\k;p) ^ TpWnnly^a) 
satisfies that i?(/?„_e) = F{f3n^e) = Pn-i,e and hence defines a Bott element 

(i, = = {Pe,n}n>l £ lim Tp W^„f] J^^^^ . 

The right-hand group is a free module of rank one over the ring lim^? Wn{Vy which 
we identify with the ring W{Ry) via ring isomorphism 

tp: W{Ry) ^ liiaWn{Vy 

F 

of Addendum 11.2.41 The Bott element however, is not a generator. Instead 
we shall prove the following result. Let e„ = {£^"^"^}«>i. We denote by e„ 
the corresponding element of the ring Ry and by [e„] the associated Teichmiiller 
representative of the Witt ring W{Ry). 

Proposition 2.4.2. There exists a unique W{Ry) -module generator 

ae e lim TpWn^ly M) 

with the property that /3j = — 1) ■ ag. 

The uniqueness part of Prop . IT4 . 21 follows immediately from Addendum 1 1 . 3 . 2l 
the existence part is proved in Sect. |3 below. We conclude this section with the 
proofs of Thm. El and |0 of the introduction. 

Proof of Thm. ^ We first prove the statement (i) of Thm. El It follows 
from Addendum 12 . 3 .31 that the canonical projection 

pr„ i: MmTpWnnly j^j^ TpW^^^^y j^j^^ 

is surjective. Similarly, Cor. 11.2?^ shows that the canonical projection 

pr„^o: limWniVy WniVy 

F 

is surjective. Moreover, the domain (resp. the range) of the map pr„ ^ is a free 
module of rank one over the domain (resp. range) of the map pr„ q. It follows that 
the map pr„ i takes a generator to a generator. Hence, the class defined by 

is a W„(y)"- module generator. Finally, 

Pe.n = Pr„4(/?e) = pr„_i (VXiCl] - 1) • ^e) 

= pr„,o(V'([ei] - 1)) • pr„,i(a£) = fi'n([£n] - 1) • ae,n 

as stated. 

We next consider the statement (ii) of Thm. El It is immediate from the 
definition of a^.n that F{ae.n) = a£,n-i- The restriction map induces a self-map 

R: limrpW„r2[^_4^j -^VnivTpW,M\y ,My 

of a free Ty(i?y)-module of rank one. Hence there exists an element ^ G W{Ry) 
such that i?(ae) = ^/'(C) • and since W{Ry) is an integral domain, this element 
^ is unique. Since R{Pe) = Pe and pe = ^ 1) ■ Q^ei we find that 

V^([ei] - 1) • = RW[ei] - 1) • a,) = ^([£2] - 1) • Ria^) 
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which shows that ^ — {[ei] ~ l)/([£2] — !)■ The stated formula now foUows from 
Addendum im 

The proof of statement (iii) of Thm.^is similar to the proof of statement (ii) 
above. We have (3^ = x(cr) • (3^ and [3^ — ip{[si] — 1) ■ which shows that 

V'([£?]-l)-< = x(a)-V([£i]-l)-a,. 

This is an equation among elements of a free module of rank one over an integral 
domain. Hence, we obtain 

and apply Addendum II . 2 . 4| to obtain the stated formula. □ 
Proof of Thm. [O Let TF{V\K;p) be the homotopy limit spectrum 
TF{V\K;p) = holimTR"(1/|K;p) 

F 

where the structure map in the limit system is the Frobenius map. The restriction 
and Frobenius maps give rise to self-maps of the spectrum TF(V'|^;p) and the 
topological cychc homology spectrum TC{V\K;p) is defined to be the homotopy 
equalizer. Hence, the homotopy groups form a long-exact sequence 

. . . ^ TC,iV\K;p) TF,{V\K;p) ^ TF,{V\K;p) ^ TC,_i(t^|K;p) ^ . . . 
and we have the Milnor short-exact sequence 

i?MimTR" i(y|X;p) TFg{V\K;p) limTR"(l/|i?;p) ^ 0. 

F F 

The same is true for the homotopy groups with Zp-coefficients. It follows from 
Thms.|Xl and m that the map 

W{Ry) ^TF2miV\K;p,Zp) 

that takes a to ip{a)-a™ is an isomorphism, for all non-negative integers m, and that 
the groups in odd degrees are zero. Moreover, the following diagram commutes. 

W{Ry) — >TF2rniV\K;p,Zp) 

W{Ry) — >TF2rn{V\K;p,Zp). 

The statement of the theorem now follows from Cor. 11.3.31 □ 

3. The generator 

3.1. We obtain the generator from the Thom class X-l in topological K- 
theory associated with negative the canonical line bundle over P°°(C). We first 
recall some standard facts about topological iiT-theory. 

Let ku be the connective cover of the p-completion of the spectrum representing 
periodic complex /iT-theory. This is a ring spectrum whose homotopy groups 

7r.(M-5z,{/3} 

is the polynomial algebra over Zp on the Bott element (3 = of degree 2. 

The canonical projection / : T ^ {1} from the circle group to the trivial group 
gives rise to an adjoint pair of functors (/*,/*) between the stable homotopy cat- 
egory and the T-stable homotopy category. (The functor /* was left out of the 
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notation in the bottom row of the diagram at the beginning of the introduction.) 
We consider the Tate spectrum of the T-spectrum f*ku obtained from the spectrum 
ku in this way. The Tate spectral sequence takes the form 

= Sz^{t^\l3} ^ 7r4H(T,/*fcu)) 

with the generators t and /3 located in bi-degrees (—2,0) and (0,2), respectively. 
Since the non-zero groups are all located in even total degrees, it follows that all 
differentials are zero. Hence, the graded ring ir^,{M{T, f*ku)) is the tensor product 
of a power series algebra and a Laurent polynomial algebra over Zp on generators 
h and A_l that represent tfi and , respectively. We now explicitly choose a pair 
of generators h and X-l- 

Let L = 0(1) be the canonical line bundle over P°°(C) and define P^^(C) to be 
the Thorn spectrum of the virtual bundle —sL. We recall that P;^^(C) may be given 
the structure of a CW-spectrum with one cell in every even dimension greater than 
or equal to —2s. Moreover, it follows from |1UI Prop. II. 4. 4] that for all integers s, 
there is a canonical isomorphism 

i:2sm'^J*ku))^K-^'(¥°^,{C),Zp). 

The right-hand side is a free i4r''(Pg°(C), Zp)-module of rank one generated by the 
standard Thom class X-sL of the virtual bundle —sL. Moreover, the product 

i^-2.(P!°,(c),Zp) ® i^-2«'(P!=,,(c),Zp) ^ i^-2(-+«')(poo^^^^,^(q^2p) 

takes X-sL ® X-s'l to X^i^s+s')l- This defines the generator X-l- We define the 
generator h = [L] ~ 1 ^ iir°(Pg°(C), Zp) to be the class of the reduced canonical 
line bundle. Let /3 S K-'^{¥'^j^{C),Zp) be the image of the Bott element /? by the 
composite of the canonical maps 

The class f3 is represented in the spectral sequence by the element /3 and the product 

takes {[L] - 1) ® X-l to (3. 

Proposition 3.1.1. The graded ring 

7r,(H(T,rM) = 0i^-'^(P?°,(C),Zp) 
sez 

is the tensor product of the power series algebra and the Laurent polynomial algebra 
over Zp generated by the class [L] — 1 G -fir*'(Pi^(C), Zp) of the reduced canonical 
line bundle and by the standard Thom class X-l G K^^(¥°^-^^{<C),Zp) of negative 
the canonical line bundle, respectively. Moreover 

$ = {[L]-1)-X_L. 

3.2. It follows from theorems of Suslin ' 11U12| that the spectrum ku and the 
p-completion of the algebraic iiT-theory spectrum K{K) are weakly equivalent ring 
spectra and that we can choose a weak equivalence of ring spectra 

L,: ku^ K{Ky 
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such that the induced map of homotopy groups takes the Bott element /3 to the 
Bott element f]^. We obtain a map of T-ring spectra 

T,: f*ku ^ T{V\Ky 

as the adjoint of the composite of the map and the trace map 

tr: K{Ky ^ f^T(y\Ky. 

We also recall from Lemma [2.1.11 that the canonical map 

H(T, T{V\K)y holim]HI(Cp" , T{V\K)y 

F 

is a weak equivalence and from Prop. [Tl .41 that the map 

f „ : TR"(F|i?;pr ^ H(Cp. , T{V\K)y 

induces an isomorphism of homotopy groups in non-negative degrees. Moreover, 
the definition of the map Fn [SI Sect. 1.1] shows that F o r„ = Fn-i o F. Hence 
there is a well-defined multiplicative map in the stable homotopy category 

f: TF{V\K;py = hohmTR"(F|i^;p)" ^ m{T,T{V\K)y 

which induces an isomorphism of homotopy groups in non-negative degrees. Let 

: IHI(T, f*ku) m{T, T{V, Ry) 

be the map of T-Tate spectra induced from the map . 

Lemma 3.2.1. The map takes the class (3 to the class T{l3e). 

Proof. We recall [Sj Sect. 1.1] the following commutative diagram of spectra 
and multiplicative maps. 

t:k'{v\k-p) — > TR"'^{v\k-p) 



H -(Cp^-i , T{V\K)) H(Cp„-i , TiV\Ky. 

All maps in this diagram are compatible with the respective Frobenius maps. Hence, 
we obtain a well-defined commutative diagram of spectra and multiplicative maps 
in the stable homotopy category 

(3.2.2) TF{V\K;py — >TF{V\K;py 



H -(T, T{V\K)y m{T, T{V\K)y 

and Prop. 12.1.41 shows that the vertical maps induce isomorphisms of homotopy 
groups in non-negative degrees. The Bott element f3 is defined to be the image of 
the Bott element /3 = /J*^" by the map of homotopy groups induced by the following 
composite map 

ku ^m-{T, f*ku) ^ m{T j*ku). 
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Moreover, the following diagram commutes 

ku >m-{TJ*ku) >m{TJ*ku) 

tr OLg: fe 

TF{V\K;py IHI-(T, T{V\Ky) E[(T, T{V\Ky) 

The map of homotopy groups induced by the left-hand vertical map takes the Bott 
element /3 — to the Bott element f3e — ■ Since the restriction map 

R: TF2(F|K;p,Zp) ^TF2(t/|i^;p,Zp) 

fixes and since the diagram 1)3.2.2(1 commutes, the composition of the lower 
horizontal maps in the diagram above takes the Bott element /S^ to the class V{j3^). 
The lemma follows. □ 

Lemma 3.2.3. The map takes the class [L] to the class T[tp{[e'-^\)) for a 
possibly different sequence e' = }n>i of primitive p'^^^ th roots of unity in V~ . 

Proof. We recall from Addendum II . 2 . 4| that the restriction map 

R: TFo(l/|if;p,Zp) ^TFo(y|X;p,Zp) 

takes to Hence, in view of the diagram (|3.2.2|l . it suffices to prove 

that the map of homotopy groups induced by the map 

r^: W{TJ*ku) ^W{T,T{V\Ky) 

takes the class [L] to r('0([e'])). Let 

r;„ : H -(Cp^-i , f*ku) -> H -(Cp,.-! , T{V\Ky) 

be the map induced by the map t^. The maps „ are compatible with the Frobe- 
nius maps such that we have a map of pro-spectra 

{<„}„>! : {H-(Cp,.-i,rH}«>i ^ {H-(Cp„-i,T(y|i?r)}„>i. 

Moreover, there is a commutative diagram of spectra 

m-{T, f*ku) >W{T,T{V\Ky) 



holimF H -(Cp,.-! , f*ku) > holimj. W{C.p,.-i , T{V\Ky) 

where the lower horizontal map is induced by the map of pro-spectra {r^ „}. The 
vertical maps are weak equivalences by the proof of Lemma Fi.!.!! The Atiyah-Segal 
completion theorem shows that as a ring 

^o(H-(Cp„-i,rfcu)) =Zp[i„]/(tf " - 1) 
where t„ is the image of [L], and Prop. 41 shows that the ring homomorphism 

r„: WniVy ^ no{M-iCp^-i,T{V\Ky)) 
is an isomorphism. Hence the map of pro-spectra {t^ induces a map of pro-rings 

a = {a(")}„>i: {Zp[i„]/(if ")}„>i ^ {Wn{Vy}n>i. 
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The map a determines and is determined by the sequence a — {a'^"'}„>i, where 
^(n) ^ aM{tn) is a p"-Hh root of unity in Wn{Vy and where F(a(")) = a'-^-^l 
We claim that for aU n > 1, the map a*^") is injective or equivalently that a(") is 
a primitive p'^~^th. root of unity. Indeed, the map „ induces a map from the 
spectral sequence 

to the spectral sequence 

El, ^ H~%Cp.-.,T{V\Ky) ^ ns+t{^-{Cp.-i,T{V\Ky)). 

The map of £'^-terms is injective and, for degree reasons, all differentials in the two 
spectral sequences are zero, so the induced map of i?°°-terms is also injective. Hence 
the induced map of homotopy groups is injective as claimed. Finally, Lemma [1.3. 41 
shows that a = {[e'^^^]n}n>i, where e' = {e'^"'^}n>i is a sequence of primitive 
p"-Hh roots of unity in V~ such that (£'("))p = e'^""!'. The statement follows 
since the isomorphism V' of Addendum 1 1 . 2 . 41 takes [e'] to {[e'*-"'']n}n>i- O 

Remark 3.2.4. We expect that the two sequences e' and e in the statement of 
Lemma 13.2.31 are equal. 

Proof of Prop. I2.4.2L We recall from the proof of Prop. lTX^ that the Tate 
spectral sequence associated with the T-spectrum T{V\K) takes the form 

E^ = Sy~{t^\K} ^ tt4M{T,T{V\K)),Zp) 

where the generators t and k are located in bi-degrees (—2, 0) and (2, 0). Since the 
non-zero groups are concentrated in even total degree, all differentials are zero. It 
follows that any class a g TF2{V\K;p,Zp) whose image by the map 

f: TF{V\K; pY ^m{T, T{V\K)y 

represents e E2,o ^ TFo(F|A';p, Zp)-module generator. Let 

a e MmTpWnnlyj^j^ ^ TF2iV\K;p,Zp) 

to be the unique class such that T{a) ~ t^{^-l)- Since f3 — {[L] — 1) • A_l by 
Prop. in~Tl and since Lemmas 13.2.11 and 13.2.31 show that the composite 

^2(H(T,rfcu)) ^ 7r2(M(T,r(F|i^)),Zp) ^ TF2(F|i^;p,Zp) 

takes {[L] — 1) • A_l to i^{[e'i] ~ 1) ■ a and f3 to f3e — Pj^, we find that 

^-([£'1] - 1) • a = 

We claim that u — {[£[] — l)/([£i] — 1) is a unit in W{Ry). Indeed, this is the 
case if and only if the image u — (e'l — l)/(£i — 1) by the canonical projection 
W{Ry) — > Ry is a unit in Ry. But Ry is a valuation ring and 

vr{u) = VR{e[ - 1) - VR{e - 1) = ^ = 0, 

p — 1 P — i- 

so u is a unit. Hence — ip{u) • a is a generator of TF2{V\K;p,'Zp) and the 
formula — ~ ^) ■ cte holds as desired. □ 
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4. Galois invariants 

4.1. We show in Prop. below that in positive degrees, the rational ho- 
motopy groups TK^^ {V\K;p,Qp) have vanishing Galois cohomology. 

Lemma 4.1.1. For every ring A, the ghost map induces an isomorphism 

Proof. Suppose first that A is p-torsion free ring, possibly without unit. Then 
the ghost map restricts to an isomorphism 

wWr^ipA) SI^YIp'+^A. 



Hence we have a map of short-exact sequences 

> WnipA) > WniA) > Wn{A/pA) 







n 



ri-l 



n-1 



I I P" 

s=0 



-^0 



n A > Yl A/p'+^A > 0. 



s=0 s=0 

bmce Z[i] is flat over Z, we get an induced map of short-exact sequences 



0' 



^WnipA)®^^] 



->VF„(A)«.Z[i] 



^Wn{AlpA)®Z[^] 



0' 



\[p-+^A ® Z[i] > \[A® Z[i] ^ \{AIp-+^A ® Z[i] > 0. 



The right hand terms are both zero. Hence, the middle vertical map is an isomor- 
phism. Finally, for a general ring A, we write A = P/I where P, and hence /, is a 
ring without p-torsion. Then the diagram 

> Wn{I) ® Z[|] > Wn{P) ® Z[i] V Wn{A) ® Z[i] > Q 



n-1 



n-1 



>\{P(^Z[^ >\{A®Z[l^ ^0 



s=0 



s=0 



s=0 

completes the proof. 

Lemma 4.1.2. For all n,q> 1, the canonical inclusion 

becomes an isomorphism after inverting p. 

Proof. By Lemma 14.1.11 the ghost map induces an isomorphism 



wWnivy 



pi 
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n-1 
i=0 



□ 



And since P^.n — (^nii^n] ~ 1) • cts,n, it suffices to show that ghost map takes the 
element 6'„([£„] — 1) = — 1 to a unit. But 

w{[s[%, - 1) = - 1, - 1, ... , [e[-Y'' - 1), 

(n) 

and since is a primitive p"th root of unity, the ghost coordinates are all non- 
zero. □ 

Proposition 4.1.3. Let q be a positive integer. Then the continuous cohomol- 
ogy group Hl^^^^_{GK,TRq{V\K;p,Qp)) is zero, for all i > 0. 

Proof. By Lemma [4. 1.21 we have a canonical isomorphism of G/f-modules 
Wn{Vr(g,z^ Qp(m) ^ TR'^^{V\K;p,Qp). 
The F-filtration of the left-hand side is finite of length n, and 

grt. WniVy Qp(m) ^ K'{m). 

But Tate |13| has shown that HI^^^^{Gk, K'{m)) is zero, for all z > 0, provided that 
m > 0. □ 
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